6.

Chapter 5 « Applications of Derivatives

Review of Prerequisite Skills

5. a. 3(x-2)+2x-1)-6=0
3x-6+2x-2-6=0

S5x=14
4
5
6 t
. Z+—=4
¢ P
12+ =28t
£F-8t+12=0
(t-6)(t-2)=0
SLt=2 or t=6
f. X +2x-3x=0

x(X*+2x-3)=0
x(x+3)(x-1)=0
x=0 or x=-3 or x=1

g X -8+ 16x=0
x(x*=8x+16) =0
x(x—4yY =0

x=0 or x =4

h. 4f +12F -t-3=0

47t +3) -1 +3)=0

(t+3)4r-1)=0

(t+3)2t-1DR2t+1)=0

1 1

t=-3 or t=§ or t=——
i 4r-137+9=0
@r-9#F-1=0

a.3x-2>7
3x>9
x>3

b. x(x-3)>0

+ - +

0 3

x<0 or x>3

c. x*+4x>0

— \ + | —
0 4

x(x—-4)<0
O<x<4

Exercise 5.1

2. d. 3xy +y' =8

dy dy

3y’ + 3x2y —+ 3y —=0
Y xydx Y dx

dy ,
I 2xy +y°) =y
X

£ 9¢-16y=-144

d
18x—32yd—y:0
X

dy _9x
dx - 16y
X 3,
T S |
&7 1613
2x 6 dy_
16 1374

d
26x+ 96y 2 = 0
dx

dy _ 13x
dx ~ 48y
h. 3 +4xy° =9

d
6x + 4y’ + 413y 2 =
dx

d
6xy* d_y =-3x -2y’
by
dy  3x-2y
dx 6xy°
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2 2

J X +y = 6xy 3. a. X +y =13

. 2dy _ 6 dy 6 Iy 4 2 dy _ 0
3x+3ydx— y+dx(x) X + ydx
Gy — 61 D = 32 + 6y At(2,-3),
dx
dy _ —3x" + 6y 2(2)+2(—3)%=0
dx 3y’ —6x
) dy _2
= —xz — dx 3
y—2x
The equation of the tangent at (2, —3) is
k. Xy =144
2
3x2y3+3y2d—yx3=0 y=§x+b.
dx
dy _ xy’ At (2, -3),
dx x3y2
2
=2 3=2(2)+b
X 3
m xyS_x3y=2 —9=4+3b
d d -13=3b
y3+3y2—yx—[3x2y+—yx3} =0
dx dx 13
-3 = b.

Therefore, the equation of the tangent to

dy _3x¢y—y 2 13
- 2 3 2 — 3 - = =
dx ~ 3y —x x2+y—13lsy_3>< 3
n \/;+\/;=5 c x_z_y_zz_]
x%+y%=5 25 36
2x 2y dy _
Ty Lndv_ 25736 dv - ©
’ e | 36x — 25y L =
dy  x2 Yax T
de ~ 1
y: At (513, -12),
Vy
=~ 3 dy _
s 18013 +300--=0
dy 33
o. (@+y) =X+ s

ﬂ]_ dy
2(x+y)[l+dx =2x+ 2y e

dy oy
dx[x+y—y]—x xX-=y

102 Chapter 5: Applications of Derivatives



5.

The equation of the tangent is y = mx + b.

At (53, —12) and with m = -%3,

—12= —3—g§(5\/§) +b

-12=-9+b
3=b
Therefore, the equation of the tangent is

-3.

33
5

x+y =1 :
The line x + 2y = 0 has slope of >

1+2y%=0
X

Since the tangent line is parallel to x + 2y = 0,

then dy = —l
dx
1
1+ 2y —5) =0
-y=0
=1
Substituting,
x+1=1
x =0

Therefore, the tangent line to the curve x + y* = 1 is
parallel to the line x + 2y = 0 at (0, 1).

a. 5x° —6xy + 5y° =16

10x — <6y + ﬂ(6)c)) + 10y ﬂ= 0 (D)
dx dx
At (1, -1),
10—(—6+6ﬂ)—10ﬂ=0
dx dx
dy
16-16—=0
dx
oy
dx

b. When the tangent line is horizontal, % =0.
by

Substituting,
10x — (6y + 0) + 0 =0.

y = %x at the point (x , y ) of tangency:

substitute y = %xl into 5x*—6xy + 5y’ =16.

5x2—6x<£x>+5<2x2>= 16
1 1 3 1 9 1

45)cl2 - 90)(12 + 125)cl2 =144

80x> = 144
5x7=9
x = or X =
1 \/§ 1 \/
5 =
y = E or vy =V5
5
y] = —\/—g or yl = —\/g

Therefore, the required points are (%, \/§>

and (-% —ﬁ).

X +y 3xy=17

38 + 3y @ _ [3)} + ﬂ(3)6)] =0
dx dx
At (2, 3),
dy dy
12427—-9-6—==0
dx dx
dy
21 —=—=-3.
dx

The slope of the tangent is ?
X

1
=

Therefore, the slope of the normal at (2, 3) is 7.

The equation of the normal at (2, 3) is Y _; =7
x_
y-3=T7x-14 or Tx-y-11=0
45y -3y =x
dy dy 5.
. 8 ——(4x*) -3 —=3x
a4 xy+dx( ) dx *
ﬂ(4)(2—3)=3)cz—8xy
dx

2
dy 3x —8xy )

dx 4x* -3
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b. y(4x* - 3) =x’

x}

Y= 4@ -3

dy  3x(4x° - 3) — 8x(x")
dx (4x* = 3)

_12x - 9x' - 8y
T 4 -3)

4xt - 9
= @r o3y @

We must show that (1) is equivalent to (2).

dy  3x*—8xy
From (1): 2 = 2X — 0%
rom (D: = a3

3

and substituting, y =

4¢3
3
3¢ -8 < e )
dy 4 =3
dx_ 4x2 -3

_ 34X’ -3) - 8x'
- (4x> = 3)

_12x—9x* - 8y

(4x* = 3)
4_
= (4:2793);22 = (2), as required.
x_
1 \/Z+ Lo10,x% yr 0, D=2
. y 9 y ’dx x
dy dy
L\t ly Ex 1 y,Ld_x_y
—|= + =" =0
2\y y 2\x x
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12.

T i a =0
x% y2 y’% x
Multiply by x*y*:

31 dy 1 édy
2492 _ — 2 42 /=L — —
X%y (y xdx>+2y<dxx y) 0

R IR Y

33 51 s 33
% <x2y2 _ xzyz) — xzyz _ xzyz

13
dy Xy (y—x)

R
dx Xy (y = x)
% = %, as required.
y
0, 2)

Q

P4,6)

A

(-4,0) 4,0)
\‘/‘
(0’ _2)

Let O have coordinates

s =(0. 1), g <o,

For x* + 4y’ = 16

&y _
2x + 3y e =0
dy _ x
dx ~ 4y.
dy q
AtQ, — =~
dx 2V16—6]2



y—06

The line through P has equation =m

x—4
Since PQ is the slope of the tangent line to

x> + 4y* = 16, we conclude:

=B ot voi
m=- at point Q.

V16 — ¢ q
;b= —
216 — ¢
q-4
Vie-¢-12 9
2(q-4) 2016 - ¢

16 —q* = 1216 — ¢ = —q(qg — 4)
16-¢ - 12V16 - ¢ = —¢* + 4q

4-q=316-¢

16-8q+q =916 -¢)

16 -8q + ¢* =144 -9¢°
104 - 8¢ —128 =0

5¢ -4qg—-64 =0
5g+16)(g-4) =0

16
=—3 or g =4 (as expected; see graph)
6
fo=3 or flg)=0
16

Equation of the tangent at Q is

y=6 _
x—4

SSIE )

or 2x-3y+10=0

or equation of tangent at A is x = 4.

13.

Xy =p xZ—yZ:k

P(a, b)

=]

2 2

x=y =k

Let P(a, b) be the point of intersection where a # 0
and b # 0.
For x¥* -y’ =k
2x — 2y % =0
dy
dx
At P(a, b),
dy _a
dx b’
For xy = P,

1 e y+%x=P
dy
dx
At P(a, b),
dy b

dx ~ a’

-
y

= <

At point P(a, b), the slope of the tangent line of

xy = P is the negative reciprocal of the slope of the
tangent line of x> — y* = k. Therefore, the tangent
lines intersect at right angles, and thus, the two
curves intersect orthogonally for all values of the
constants k and P.
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14. Vx + \/} =k Since P(a, b) is on the curve, then Va + Vb = \/%,

1

diff wrt x or a% + b= k%.
lx’% + 1 1dy -0 Therefore, the sum of the intercepts
2 2 dx ( 1 )2
=k
dy _ \y .
Pl = k, as required.
Let P(a, b) be the point of tangency. 15.
Ld b
dx Va
Equation of tangent line / at P is
y-b_ Vb
x—a Va
x — intercept is found when y = 0.
b _ @
Tx-a Va r4y=3
—ba =-\b x+ a\b V= 4x
//_ //_ dy —_—
x=axb"/'_b\a zya_ﬁ"
Vb _ _
Therefore, the x—intercept is W. At (1,2) dy -1
For the y—intercept, let x = 0, T dx
Y __ab = —%. Therefore, the slope of the tangent line at (1, 2) is 1
and the equation of the normal is
. . aVb
y — intercept is Va +b. o
1 =-1 or x+y=3.

The sum of the intercepts is
_ _ The centres of the two circles lie on the straight
aVb + bVa + aVb + bVa line x + y = 3. Let the coordinates of the centre of
Vb Va each circle be (p, ¢) = (p, 3 — p). The radius of each
circle is 3V2. Since (1, 2) is on the circumference of

. . the circles,
ab® + 2ab + b*a?
L] P-1+@B-p-2y=r

aibi 2 2 2
P -2p+1+1-2p+p =(32)
2 —4p+2=18
11
_ aba + 2VaVb + b) pP-2p-8=0
- I pP-Hp+2)=0
&b

p=4 or p=-2
Lqg=-1 or ¢g=5.

a+2\aVb + b
Therefore, the centres of the circles are (-2, 5) and
(4, —1). The equations of the circles are
_(a;+b;>2 (X +27+(-57 =18
and (x —4)Y + (y + 1)* = 18.
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Exercise 5.2

3.

a. s(f) =5 -3t+ 15
v(t) =10t -3
a(t) =10

b. s(1) = 2¢ + 36t — 10
V(t) = 67 + 36
a(r) = 12t

e. s(=\t+1

v(r) = %(t + 1)'%

3

at) = —%(t +1)2

f. s(t)= ?f

t+3

9 +3)-9¢
Y= 3y

Y
T+ 3)

a(t) = —54(1 + 3)°

s=p_0p 43

3

v=r-4r+3

a=2t-4

Forv =0,

t-3)(t-1)=0

t=3 or t=1.
o+, -+
0 I 3

The direction of the motion of the object changes at
t=1andt=3.
Initial position is s(0) = 0.

Solving,
0=1r-27 +31

=r -6 +9t
=t -6t+9)
=1(t-3)
s t=0 or =3
s=0 or s=0.
The object returns to its initial position after 3 s.

a s:—%f+t+4
v=—%t+1
v(l):—%+1
1
3

v(4) = _% @ +1

2
3

For ¢ = 1, moving in a positive direction.
For ¢ = 4, moving in a negative direction.

b. s(t) =1t -3)

v(t) = (t —3)* + 21(t - 3)
=({-3)(t-3+20

=(t-3)(3t-3)
=3@1-1)t-3)
v(l)=0
v4)=9

For t = 1, the object is stationary.
t = 4, the object is moving in a positive direction.
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8. (1) =40r-5¢ e. Att =0, s(0) = 0. Therefore, the object’s original

v(t) =40 — 10z position is at 0, the origin.
a. When v = 0, the object stops rising. When s(¢) = 0,
ct=4s 2(7-0=0

t=0 or t=17.

b. Since s(¢) represents a quadratic function that o . o
Therefore, the object is back to its original

opens down because a = -5 < 0, a maximum ion after 7
. . . . . osition after / s.
height is attained. It occurs when v = 0. Height is P
a maximum for

12. s(1) = 6 + 2t
s(4) = 160 — 5(16)

%0 v(t) =12t + 2
= ovm. alt) = 12
5
10. s(r) = (7 — 1) a. v(8) =96 + 2 = 98 m/s

Thus, as the dragster crosses the finish line at

5: 5
a. v() = 5t2(7 —n-r t = 8 s, the velocity is 98 m/s. Its acceleration is

constant throughout the run and equals 12 m/s>.

U350 55 ¢
2 2 b. s =60
353 75 6r +2t—60 =0
=55t 237 +1-30) =0
2(3t+ 10)(r-3) =0
105! 35: _
b. a(l‘)=Tl‘2—Tl‘2 =% or t=3
c. The direction of the motion changes when its inadmissible v(3)=36+2
velocity changes from a positive to a negative 0<t< 8 =38
value or visa versa. Therefore, the dragster was moving at 38 m/s

75 when it was 60 m down the strip.
W =5e06-0 .5 1(0=0 fort=5

13. a. s=10+ 617

t 0< <5 r=5 t>5 v="06-2¢
=23-1
V() () =+ 0 () =~ 4= 2

The object moves to the right from its initial

Therefore, the object changes direction at 5 s.
position of 10 m from the origin, 0, to the 19 m

d. a(t) = 0 for %;(6 _n=0. mark, slowing down at a rate of 2 m/s>. It stops

at the 19 m mark then moves to the left speeding

st=0o0rt=6s. up at 2 m/s” as it goes on its journey into the
universe. It passes the origin after (3 + VTQ) .
t 0<t<6 t=6 t>6
t=6
a(?) HH) =+ 0 ) =- =0 1=3

. . .. -10 -5 0 5 10 15 20 25
Therefore, the acceleration is positive for
0<t<6s.

Note: t = 0 yields a = 0.
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b.s=£—-12t-9 b. For v(r) = 0

v=3Ff-12 2kt + 6k — 10k =0
=3(-4) 2kt = 10k — 6k
=3t-2)t+2) t=5-3k
a= 6t k# 0

The object begins at 9 m to the left of the origin, S(5 = 3k) = k(5 — 3k)° + (61 — 10K)(5 — 3k) + 2k

= k(25 — 30k + 9K) + 30k — 18Kk’ — 50k + 30k + 2k
=25k - 30K + 9k + 30k’ — 18k’ — 50k + 30k’ + 2k
= -9k + 30k’ — 23k
Therefore, the velocity is 0 at t = 5 — 3k, and its
position at that time is 9%’ + 30k — 23k.

0, and slows down to a stop after 2 s when it is
25 m to the left of the origin. Then, the object
moves to the right speeding up at faster rates as
time increases. It passes the origin just before 4 s
(approximately 3.7915) and continues to speed up
as time goes by on its journey into space.

16. If the ball starts from an initial height of 2 m, then the

oo / =0 formulas are s(r) = 2 + 35¢ — 5¢ and v(r) = 35 — 10r.

. . . . . . . . . S The height is greatest at the instant the upward velocity
-30 -25 20 -15 -10 -5 0 5 10 .
is 0.
For v(r) = 0,
14. s(r) =7 - 107 35
v(t) = 5¢' - 20t =70
) =20F - 20
a) =35s.
For a(t)= 0,
208 —20=0 Att =35,
20(7 = 1)= 0 5(3.5) =2 + 35(3.5) - 5(3.5)°
=1 =2+ 122.5-61.25

Therefore, the acceleration will be zero at 1 s. =63.25m.

s(y=1-10 This is much lower than the ceiling of the SkyDome. Thus,
-9 a major league pitcher is not likely to hit the ceiling.
<0

()= 5 — 20 17. a. The acceleration is continuous at r = 0
= — =0
<0 Fort> 0,

Since the signs of both s and v are the same at s

t = 1, the object is moving away from the origin s() =777

at that time.

and v(7) = 38(F + 1) = 2ur)

15. a. s() = kf + (6K — 10k)r + 2k &+ 1y
v(r) = 2kt + (6k* — 10k) _r+37
a() = 2k + 0 S @E+ 1y
T 2k 4F + 60(F + 1 = 2(2 + D2H(E + 38)

Since k # 0 and k € R, then a(t) = 2k # 0 and an and a(r)= @+ 1)

element of the Real numbers. Therefore, the

acceleration is constant. B A4r + 60 + 1) — 41(t* + 31)
B (F+1y

4F° + 61 + 4r + 61 — 4F — 127

B (F+1y
T @#+1y
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0,1<0
Therefore, a(t) = 3 _24 4 ¢¢
0,1<0
and v(t) =4 t* + 3¢ S
cr '

lim a(?) = 0, lim a(r) =

1—0 =0

S ~lo

Thus, lim a(f) = 0.

=0

Also, a(0) = %
=0.
Therefore, lim a(t) = a(0).

1—0

Thus, the acceleration is continuous at ¢ = 0.

b. lim v(r) = lim —

1—+oo 1—>+oo

18. v =\b*+ 2gs

1
v =(b*+ 2gs)?

v _ 1, b
7 2(19 +2gs) ° (O+2g

1
= 2
a . o 2gv

a=g

Since g is a constant, a is a constant, as required.

ds
Note: d =y

dv
dt

=da

110 Chapter 5: Applications of Derivatives

t>20

ds
dt

Using the quotient rule,

ﬂ] _2% ll V_Z:
™A\ T @) T2\ T

. d
Slncej‘; =a,
w12 -2
= 1_2_2

m a )
= ————, as required.

V3
(15

Exercise 5.3

200
2. T(x) = e
dx
a. E =2 m/s
Find A1) when x = 5 m:
dt
200
Tx) = 1+x
=200(1 + x*)"
dT(x) _ N2 A, dX
7 =-200(1 + x*)~ 2x 7
__—400x . dx
T4+ dt’



At a specific time, when x = 5,

dT(5) _ —400(5) @)
= 26y
_—4000
= 676
_ —1000
=169
dr(5) .
=59,

Therefore, the temperature is decreasing at a rate
of 5.9°C per s.

b. T(x)
200

1501
1001
501

00581 2

=50 1
—-100 A

c. Solve T"(x) = 0.

—400x

T0=1ey

—400(1 + ) — 2(1 + 2)(2x)(—400x)
1 +x)*

T"(x) =

Let 7"(x) = 0,

—400(1 + x*)* + 1600x°(1 + x*) = 0.
Divide,

400(1 + ) = (1 + ) +4° =0
3 =1

x>0 or x=0.58.

dx

3. Given square X s 5 cm/s.
L1
X
Find Cfl—? when x = 10 cm.

Solution

Let the side of a square be x cm.

A=x
dA_, dv
o~ 7 dt

At a specific time, x = 10 cm.

dA
=200

=100
Therefore, the area is increasing at 100 cm*/s when a
side is 10 cm.
P =4x

dx

’dt=5'

At any time

Therefore, the perimeter is increasing at

20 cm/s.

Given cube with sides x cm,

dx
7 5 cm/s.

a. Find dv when x = 5 cm:
dt

V=x

At a specific time, x = 5 cm.

av i
arc 3504

=300
Therefore, the volume is increasing at 300 cm’/s.
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b. Find % when x = 7 cm.

S = 6x

At a specific time, x = 7 cm,

ds
o = 1200@

= 336.

Therefore, the surface area is increasing at a rate

of 336 cm?/s.

5. Given rectangle y

dx
s 2 cm/s

dy _
s -3 cm/s

aa

Find 7

when x =20 cm and y = 50 cm.

Solution

A =Xxy
dA  dx dy

ar ~dr Y T ar
At a specific time, x = 20, y = 50,

dA

2 = @DG0) + (=3)(20)
=100 -50
= 40.

Therefore, the area is increasing at a rate of 40 cm?/s.

6. Given circle with radius r,

“a _ 2
- 5 m?/s.

a. Find dr when r = 3 m.
dt

A=1r

When r = 3,

dr
-5 =2mn(3) ar
dr -5

dr e
Therefore, the radius is decreasing at a rate of

i1n/swhenr:3m.
6m
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ap

b. Find i

when r = 3.

Therefore, the diameter is decreasing at a rate of

5
o m/s.

Given circle with radius r,

daA _ .
i = 6 km’/h
.. dr )
FlndawhenA =9 km®.
A=7r
dA dr
dt = 2nr dt
When A = 9,
ot =7
=9
r=3
r>0.
When r = 3,
dA
dt =6
dr
6 =2n(3) i
dr _ 1
d ~w

Therefore, the radius is increasing at a rate of
1

— km/h.

b4

I

X

Let x represent the distance from the wall and y the
height of the ladder on the wall.



X+y=r
dx dy dr

2xE+2yE= FE

dx dy dr

“a Vo T a
Whenr=35,y=3,
xX=25-9

=16

Substituting,

1) 5@y
4(3> + 3<dt) =5(0)
dy _ 4
A

Therefore, the top of the ladder is sliding down at
4 m/s.

Let the variables represent the distances as shown on
the diagram.
X+y=r

dx dy dr

ZXE-'- yE=2rE

Ldv dy_ dr
da TV ar T

dt dt
x=30,y=40
=30 + 40°
r=50
dr dx dy
— =1 == — =
dt 7 dt 10, dt 0

dr
30(10) + 40(0) = 50(%)

dr

=8

Therefore, she must let out the line at a rate of
8 m/min.

10.

915 m

Label diagram as shown.

P =y +915
dr _, dy
2 dr — 2 dt
dr _ dy
ar Y dr
When y = 1220, d—); =268 m/s.
r=11220> + 9152
= 1525
dr
15250 =] = 1220 x 268
dt
dr
7 214 m/s

Therefore, the camera—to-rocket distance is changing
at 214 m/s.

11. ,/\\
y /// \\\ r
//% \\\
Starting & :
point X
dx
P 15 km/h
dy = 20 km/h
dt
Find dr when r =2 h.
dt
Solution

Let x represent the distance cyclist 1 is from the
starting point, x = 0. Let y represent the distance
cyclist 2 is from the starting point, y =2 0 and let
be the distance the cyclists are apart. Using the
cosine law,

r2:x2+y2—2xycos%
=X +y - 2xy(%>
F=x+y —xy
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12.

2r——=2x——+2y—- dty+dtx

dr dx dy |dx dy
dt dt dt
Att=2h,x=30km,y =40 km

and 7 = 30° + 407 — 2(30)(40) cos %

= 2500 — 2(1200)(%)
= 1300
r=10V13, r > 0.

- 2(10V13) % = 2(30)(15) + 2(40)(20) — [15(40) + 20(30)]

20113 % =900 + 1600 — [600 — 600]

=513

Therefore, the distance between the cyclists is increasing at

a rate of 5\/ﬁ km/h after 2 h.

Given sphere v = 4 o

3
dv N
7 8 cm’/s.

a. Find % when r = 12 cm.

v:%ﬂr’“’

dv dr
dt dmr dt

At a specific time, when r = 12 cm:
dr
- 2 4r
8 =4n(12) 7

dr
8 = 4m(144) r
1 dr

72n "~ di
Therefore, the radius is increasing at a rate of
1

m cm/s.
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dr

when v = 1435 cm’.
dt

b. Find

Solution

V= %mﬁ
dv dr
E = 4TE}’2 E
At a specific time, when v = 1435 cm’:
v = 1435
%TE3 = 1435
r =342.581015
=6.9971486
=7
dr.
dt
dr

8 = 196EE

8 = 4n(7)

2 dr

49— dr

dr
0.01 = i
Therefore, the radius is increasing at

approximately 49% cm/s (or 0.01 cm/s).

dr
dt
When = 33.5, v =8 X 33.5 cm®:

c¢. Find when t = 33.5 s.

4
gnr} =268

r' =63.98028712
r =3.999589273
=4.

Solution

v =—nr

w:k N

dv dr
dr ~ 4mr’ dt

Att=335s,

- 2 ﬂ
8 = dn(4y

dr

8 =64n 7
A _dr
8m ~ dt’

Therefore, the radius is increasing at a rate of

1
s cm/s (or 0.04 cm/s).



13. Given cylinder

v =nrh
dv = 500 L/min
dt
= 500 000 cm/min
L dy
a. Find ar
v =7rh

Since the diameter is constant at 2 m, the radius
is also constant at 1 m = 100 cm.

~ov =10 000 wh
dv dh
i 10 0007 a
500 000 = 10 0007 %
50 _ dn
T dt
Therefore, the fluid level is rising at a rate of
0 cm/min.
T

. Find ¢, the time to fill the cylinder.
V =mnrh
V = n(100)*(1500) cm’
V =15 000 0007 cm’
Since % = 500 000 cm?*/min,
15 000 0007
500 000
= 307 min to fill
=94.25 min.
Therefore, it will take 94.25 min, or just over
1.5 h to fill the cylindrical tank.

it takes

i

16

14. There are many possible problems.

Samples:

i) The diameter of a right-circular cone is expanding
at a rate of 4 cm/min. Its height remains constant
at 10 cm. Find its radius when the volume is
increasing at a rate of 801 cm’/min.

ii) Water is being poured into a right-circular tank at
the rate of 12 m*/min. Its height is 4 m and its
radius is 1 m. At what rate is the water level rising?

iii) The volume of a right-circular cone is expanding
because its radius is increasing at 12 cm/min
and its height is increasing at 6 cm/min. Find
the rate at which its volume is changing when its
radius is 20 cm and its height is 40 cm.

15. Given cylinder

d=1m
h=15m
dr = 0.003 m/annum
dt
dn = 0.4 m/annum
dt
. . dv .
Find —— at the instant D = 1
dt
v = 1rh
dv.

dr dh
i <2nr E)GI) + <E>(nrz).

At a specific time, when D = 1; i.e., r = 0.5,

% = 271(0.5)(0.003)(15) + 0.4m(0.5)
=0.0451 + 0.1m
=0.145m

Therefore, the volume of the trunk is increasing at a
rate of 0.1451 m*/annum.

. Given cone
~—5cm—

15cm

l

r=5cm

h =15cm
v _ 3
d =2 cm’/min
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Find dn when 2 =3 cm, Since ZC = 60°, £ZB = 30° and ADBC is a special

dt
1 o triangle similar to the 1, V3,2 triangle.
v=— 7mrh.
h
3 - 5 | Since DB = h, then DC = — from similar triangles.
Using similar triangles, — = —— = — V3
h 15 3 2
h Therefore, AC = —
L r= g V3
1
Substituting into v = %nrzh, =ACX DB X 10
2h
v:lﬂ:h—zh =l><7><h><10
| >
=—-nh h
27 h =—X10
dv _1_.dh V3
dt 97 dt 1012
At a specific time, when & = 3 c¢m, - V3
o= ln 3y dh Therefore, the volume of the trough of height /4 is
9 dt 10#?
2 dh giVCH by V= -
== \3
T dt
Therefore, the water level is being lowered at a rate 18. Given trough

of % cm/min when height is 3 cm.

17. Given trough —T /
25lcm
/ dv m’
/ dh

Find ar when /2 = 10 cm

d
Find a formula for the volume. —0.1m.
v = area of a cross section X length )
= area of an equilateral triangle X 10 Since the cross section is equilateral, the v = — X (.
Let & be the height of any cross section. e V3
v=—X35.
A D C V3
dv_10 dn
dr 7 dt
h V3
B

116 Chapter 5: Applications of Derivatives



At a specific, time when 7 = 0.1 = !

E’
10 1 dh
0.25 = — o
V3 10 dt
m_dh
0.25V3 = i
V3 _dh
4 T dt
Therefore, the water level is rising at a rate of
V3o
e m/min.
19. Given s ‘\,
1.8
y X
fly 120 m/min

Find dx when r =5 s.
dt

Solution

Let x represent the length of the shadow. Let y
represent the distance the man is from the base
of the lamppost. Let & represent the height of the
lamppost. At a specific instant, we have

1.8

1 1.2
—x+y —>

Using similar triangles,

x+y 12
Tl
22_2
hT3
2h = 6.6

h=33

Therefore, the lamppost is 3.3 m high.

20.

At any time,
xty 33
x 18
x+y 11
x 6
6x+ 6y =11x
6y = 5x
dy _ 5 dx
O =3 ar

At a specific time, when ¢ = 5 seconds dy = 120 m/min,

dx
6 X 120 =5 7
dx
i 144.

Therefore, the man’s shadow is lengthening at a rate
of 144 m/min after 5 s.

This question is similar to finding the rate of change
of the length of the diagonal of a rectangular prism.

A F
B | G
JPY 2 AU S E
= D
20
20m =600 K
1
=30 km
Find d(GH) att=10s
dt
1
=360 D

Let BG be the path of the train and CH be the path
of the boat:

. d(BG) = 60 km/h and ——— A(CH) = 20 km/h.
dt dt
1
Att—360h BG = 60X%
1
=% km
and CH =20 X i
360
1
=13 km
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21.

Using the Pythagorean Theorem,
GH’ = HD® + DG’
and HD* = CD* + CH*
. GH* = CD’ + CH’ + DG*

Since BG = CD and FE = GD = L it follows that

50
GH* = BG* + CH* +

2500°

d(GH) _ 2(8G) 4B d(BG) d(CH)

2GH) S22 +2(CH) &=

Att=10s,

dGH) _ 1
GH —— 7 (60)+ 8(20)

V6331 d(GH) _ 100
450  dr 9
d(GH) _ 45000
dt " 96331
= 62.8.

oo (LY (L) (ALY
AndGH_<6 +115) *\30

BN N
T 36 324 2500
911 664
~ 29 160 000

113 958
GH* = 364 500 18

+8

6331
~ 202500

V6331 V13 x 487
450 ~ 450

Therefore, they are separating at a rate of
approximately 62.8 km/h.

GH =

Given cone
| r|
:
h
ii v
r=h
dv
i 200 - 20
= 180 cm’/s

Find dn when & = 15 cm.

dt
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Solution

v:lnrzhandrzh

3
Ly = %Tl’]f.
dv ., dh
dr o dr

At a specific time, 7 = 15 cm.
dh
- 2 an
180 = m(15) i

dh _ 4
dt ~ 5w
Therefore, the height of the water in the funnel is

. . 4
increasing at a rate of Sn cm/s.

Part 2
dv
i 200 cm’/s
Find dn when i = 25 cm.
dt
Solution
dv ., dh
dr - g dt’

22,

At the time when the funnel is clogged, # = 25 cm:

200 = m(25) %

dh _ 8
dr ~ 251"
Therefore, the height is increasing at % cm/s.

y

@ B(0, 2y)

M(x, y)
® X
0 A(2x,0)

Let the midpoint of the ladder be (x, y). From
similar triangles, it can be shown that the top of the
ladder and base of the ladder would have points
B(0, 2y) and A(2x, 0) respectively. Since the ladder
has length ¢,



2x) + 2yy =0 23. 12m ball

4¢ + 4y = 0 y
ﬁ 2
2 2 _ v 1
X +y = 1 20 m !
, 20—y
= (é) is the required equation. :
(]
. 12 x—12
Therefore, the equation of the path followed by the |« X >|
midpoint of the ladder represents a quarter circle
. L. Let x represent the distance the tip of the ball’s
with centre (0, 0) and radius -, with x, y = 0. .
2 shadow is from the base of the lamppost.
Let % represent the rate at which the shadow is

moving along the ground. Let y represent the
distance the ball has fallen.

P(x, y) From similar triangles,
-k N 20—y _ 20
A(a, o) x—12  x
20x — xy = 20x — 240
Let P(x, y) be a general point on the ladder a distance xy =240
k from the top of the ladder. Let A(a, 0) be the point dx dy
of contact of the ladder with the ground. )t =0
From similar triangles, % = % ora= % At a specific time,
Using the Pythagorean Theorem: y* + (a — x)* = (¢ — k), Q(S) +(10)(48) = 0
and substituting a = - «
ubstituting @ =7~ dx _ 480
[N d = 5
2 = - _ 2
y+(k x) (-5 = -96.
y o+ x2<%>~ =(-k) Therefore, the shadow is moving at a rate of 96 m/s.
, At any time, ¢, the height of the ball is & = 20 — 5¢.
%xuy:(g_@z Whenr=1,/h=20-5,
=15
2
% + ﬁ = 1 is the required equation. Sy=5. P
Also v = —10¢ and since y increases, —); = 10 when
Therefore, the equation is the first quadrant portion r=1.

of an ellipse.
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Section 5.4 5. a. f(x)=3¥-6x-8=0

Investigation PRCE: \/366 +96

1. a. flx)=—x"+6x-3,0< x< 5 =6i\5ﬁ
= (P—6x+9-9)-3 6
=-(-37+6 X 2291 orx=-091

maximum of 6 when x = 3
b. f(x) =3 -12=0

b.flx) =" -2x+11,-3< x< 4 Y_4=0
=—(X+2x+1-1)+11 X =42
=—(x+ 17+ 12

e f)=9¢—-30x+9=0
3 -10x+3=0

maximum of 12 when x = -1

c.flx) =4x - 12x+7,-1< x< 4 Gx-1(x-3)=0
9 9
=4<x2—3x+z—z)+7 x:%orx:B
2
=4<x—%) -2 d. f120(x) = —6x> + 12 =0
iy 3 ¥-2=0
minimum value of -2 when x = 5 x=+12

— 141 orx =—1.41
2. a f()=-2x+6=0 * orx

x=3,¢c=3 e. f(x) =-3x—-4x+15=0

3 +4x-15=0

Bx-5x+3)=0
5

x=§0rx=—3

b. f(x)=-2x-2
x=-l,c=-1

c. fl(x)=8x-12=0

x= %, c= % 6. The values are the same.
3. The values are the same. 7. Set first derivative to zero.
4. a. f(x)=x"-3x-8x+10,2< x< 4 8 a fix)=—xX"+6x-3,4< x< 8
max at x =—0.91, min at x = 2.91 max at x =4, value 5, min at x =8, y = -19
b. lx) =x-12x+5,-3< x< 3 b. f(x) =4xX - 12x+7,2< x< 6
max at x =—1.98, min at x = 1.98 max at x = 6, value -1, minat x =2,y =79
c. flx) =3 - 15 +9x+23,0< x< 4 c. flX)=x"-3x-9x+10,2< x< 6
max at x = 0.34, min at x = 2.98 max at x = -2,y =40, min at x = 6, y = —800
d. flx) =2+ 12x+7,-2< x< 2 d. flx)y=x'-12x+5,0< x< 5
max at x = 1.41, min at x = —1.41 max atx=5,y=-11, minatx=2,y =70
e. flx)y=—x -2+ 15x+23,4< x< 3 e. (x)=x-5%+3x+7,-2< x<5
max at x = 1.66, min at x = -3.03 max at x =5, y = 20, min at x = -2, y = =29

9. End points of the interval.
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Exercise 5.4

3. a fix) =X -4x+3,0< x< 3

fx)=2x-4

Let 2x — 4 = 0 for max or min
x =2

f0)=3

f2Q)=4-8+3=-1
f3)=9-12+3=0
maxis3atx =0
min is —1 at x =2

Yy

N

c. flx)=x-3x,-1<x<3

f'(x) =3x* - 6x
Let f'(x) = 0 for max or min
3 -6x=0
3x(x-2)=0
x=0orx=2
f-1)=-1-3
=-4
f0) =0
f2) =8-12
=-4
f3) =27-27
=0

minis <4 atx =-1,2
maxisOatx =0,3

y

e. flx) =20 -3x-12x+1,-2< x< 0

fix)=6x"—6x—12
Let f'(x) = 0 for max or min
6 —6x-12=0
X—-x-2=0
x-2)x+1)=0
x=2orx=-1
f(=2)=-16-12 + 24 + 1
=-3
f=1)=8
A0) =1
f(2) = not in region
max of 8 at x = -1
min of -3 at x = -2

{
o+
|
L
t
[\

b. f(x) =4\/)—f—x,2S x<9
flo)=2x2-1
Let f'(x) = 0 for max or min
2

Vx

0
V2
=4

Q) =42-2=36
f4)=4V4-4=4
f9)=4/9-9=3

min value of 3 when x = 9

1
X
x

max value of 4 when x = 4
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1
C. f(x)=m,0S x< 2

F1(0) = —(F = 2x + 2)*(2x — 2)

_ o 2x-2
TP -2x+2)

Let f'(x) = 0 for max or min.

2x -2 _
TP -2x+2)

L 2x-2=0
x=1
fO) = 5. i) = 1. = 5
2 2
max value of 1 when x = 1

min value of % when x =0, 2

ooy 4+ 1) = 2x(4x)
fx) = o+ 1)

A +4
T oxX+1
Let f'(x) = 0 for max or min:
“4xX +4=0
xX=1

x==1
f-2) =

fi-l) =
=2

=
5

4
2

4
=5
=2

16

f(4)=ﬁ

max value of 2 when x = 1
min value of -2 when x = -1
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S.

aw®=£%w20

Interval 1 < r< 4

v(l) = % v(4)

_16
T 17
(o) = @ + )8 : jltz(3t2) _0
4 +7r)
32t + 8¢ - 12'=0
41 -8) =0
t=0,r=2
16 4
=13

max velocity is % m/s

min velocity is % m/s

a.E@):;%g£%6os y< 100

1600(v* + 6400) — 1600v(2v)
(* + 6400’

E'(v) =

Let E'(N) = 0 for max or min
- 1600V + 6400 X 1600 — 32001 = 0
1600v* = 6400 X 1600
v==80
E0)=0
E(80) =10
E(100) = 9.756
The legal speed limit that maximizes fuel
efficiency is 80 km/h.

0.1z
Cw =yap s 156
L O(t+37-026t+3)
¢ = (t + 3)° -
(t +3)0.14+ 03 -0.20) = 0

t=3
C(1) = 0.00625
C(3) = 0.0083, C(6) =0.0074
The min concentration is at # = 1 and the max
concentration is at t = 3.



10.

11.

1
= _ < <
P(t) =21+ o0 1< 1

P(f) = 2(162¢ + 1)%(162) = 0
162
(162t + 1y
81 = 1622+ £ + 3241 + 1
162 + 324t — 80 = 0
81% + 81120 = 0
811+ 5)81t-4) =0

4
t>0..t= 31
=0.05
PO) =1
P(0.05) =0.21
P(1) =2.01

Pollution is at its lowest level in 0.05 years or
approximately 18 days.

= L (4900
T 400\ x
r'(x) 4()0( 2z 1) =0
Let r'(x) =0
x> = 4900,
x=70,x>0
r(30) = 0.4833
r(70) = 0.35
r(120) = 0.402

A speed of 70 km/h uses fuel at a rate of 0.35 L/km.

Cost of trip is 0.35 X 200 X 0.45 = $31.50.

C(x) = 3000 + 9x + 0.05x*, 1 £ x < 300

Unit cost u(x) = @

~ 3000 + 9x + 0.05x°
X

=3(Lﬂ+9+0.05x

Ux) = _3)(3200 + 0.05

For max or min, let U'(x) = 0:
0.05x* = 3000
x> =60 000
x =2449
U(1) =3009.05
U(244) = 33.4950
U(245) = 33.4948
U(300) = 34.

Production level of 245 units will minimize the unit

cost to $33.49.

Exercise 5.5

Let the length be L cm and the width be W cm.
2(L + W) =100
L+ W =50
L=50-W
A=L e W
= (50 - W)(W)
AW) =-W*+50Wfor0< W< 50
A(W) =-2W + 50
Let A(W) = 0:
S2W+50=0
W=25
A0)=0
A(25) =25 X 25
=625
A(50) = 0.
The largest area is 625 cm® and occurs when
W=25cmand L =25 cm.

3. L

w w

NS NN

Let the length of L m and the width W m.
2W+ L =600
L =0600-2W
A=L e W
= W(600 — 2W)
A(W) = =2w* + 600W, 0 < W< 300
A(W) = -4w + 600

For max or min, let A =0:

dw
-~ W=50
A0) =0
A(150) = —2(150)* + 600 X 150
= 45 000
A(300) = 0.

The largest area of 45 000 m* occurs when
W =150 m and L = 300 m.
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4. Let dimensions of cut be x cm by x cm. Therefore,
the height is x cm.

100 >

A X A
J<—100—2x—> X

40 - 2x (40

[ ] 1

Length of the box is 100 — 2x.

Width of the box is 40 — 2x.

V = (100 - 2x)(40 — 2x)(x) for domain 0 < x < 20
Using Algorithm for Extreme Value,

Y= (100 - 20040 - 40) + (40x ~ 20)(-2)

= 4000 — 480x + 8x* — 80x + 4x°
= 12x* - 560x + 4000

v
Seta— 0

3x* — 140x + 1000 = 0

140 + 7600
YT

= 140 + 128.8
6

x=8.8orx=379
Reject x=37.9since 0 < x < 20
When x=0,V =0

x=8.8,V=28850 cm’

x=20, V=0.
Therefore, the box has a height of 8.8 cm, a length of
100 -2 X 8.8 = 82.4 cm, and a width of 40 —3 X 8.8
=224 cm.

Let the base be x by x and the height be &
xh =1000
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=100 (1

X

Surface area = 2x* + 4xh

A =2¢ + dxh )
=2x + 4x( 1090)
X
=2x" + 4000 for domain 0 < x < 10V2

Using the max min Algorithm,

dA x—4000—0

dx P

x# 0, 4x = 4000
x = 1000
x =10

- A =200 + 400 = 600 cm’
Step 2: At x—0, A—oo

4000 V10
Step 3: At x = 1010, A = 2000 + —— X —
10V10 V10

= 2000 + 40\10

Minimum area is 600 cm” when the base of the box
is 10 cm by 10 cm and height is 10 cm.

X
«—]10——>«—10——

Let the length be 2x and the height be y. We know
X +y =100.
sy =100 - ¥
Omit negative area = 2xy
= 2x\/100 — x* for domain
0<x< 10
Using the max min Algorithm,

dA _ o0 o 1
o =2V100 - + 2y & (100 - ) (-2).

dA
Let D 0.



7.

2x°

2Y100 — x* — =0
V100 —
5 20100 = ¥) - 22 = 0
. 100 = 2%°
X’ =50

x=5V2,x>0. Thus, y = 52, L = 10\2
Part 2: If x=0,A=0
Part 3: If x=10,A =0

The largest area occurs when x = 5\/5 and the area is
10Y2y100 — 50
= 101250

= 100 square units.

a. Let the radius be r cm and the height be 7 cm.
Then ©t°h = 1000

1000
7

Surface Area: A = 21r* + 2nrh

h =

=2mr + 2nr( 1000)
7

o 200 o

dA _, 2000
dr ~ r

For max or min, let d— 0.

pe 290 54
T

When r = 0, A—eo

r=542 A =660.8

r—00, A—>o0

The minimum surface area is approximately
661 cm’ when r = 5.42.

1000

b r=542h= 2500

=10.84

d~2X5427 1

w
v (a2-1)

“«— 12cm — 5

Let the rectangle have length L cm on the 12 cm
leg and width W cm on the 5 cm leg.
A=LW (1)

12-L W

By similar triangles, o =5

. 60 -5L=12W

L= 60 —512W ?)

(60 — 2W)W

A= 5

fordomain0 < W< 5

Using the max min Algorithm,

dA 1 60
aw s 5[60 24W] = 0W-24—250m
When W=25cm, A =w: 15 cm?

Step 2: If W=0,A=0

Step3: If W=5,A=0

The largest possible area is 15 cm® and occurs
when W=25cmand L =6 cm.

. Let the base be y cm, each side x cm and the

height 4 cm.
2x+y =60
y =60 - 2x

A=yh+2><%(wh)

=vyh + wh

N e~

I

I

|
120°

<
o .
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From AABC
Ll = cos 30°
X
h = x cos 30°
_\3
)
w_ sin 30°
X
w = x sin 30°
_1
= 2 X

Therefore, A = (60 — 2x)<ﬁ x) + 2 x Ex
2 2 2
2 VE 2
A() =303y -13x + = 2%, 0< x < 30
Apply the Algorithm for Extreme Values,
A(x) = 30V3 — 2\3x + @ x

Now, set A'(x) =0

30\/5—2%“%);:0.

Divide by V3:
30 - 2x + % =0
x = 20.

To find the largest area, substitute x = 0, 20, and 30.

A0) =0
A(20) = 3013(20) — V/3(20)* + %3(20)2

=520

V3

A(30) = 3013(30) — 3(30)* + (30"

=390
The maximum area is 520 cm’ when the base is
20 cm and each side is 20 cm.
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10.

11.

x
B | c
h
I []
X
4x+2h=6
2x+h=30orh=3-2x
1 V3
Area—)ch+2 X x X > X
2
=x(3-2x) + V3x
4
A()c):?ax—2x2+%x2

A’(x)=3—4x+§x,0£ x< 1.5

For max or min, let A'(x) = 0, x = 1.04.

A0) =0, A(1.04) = 1.43, A(1.5) = 1.42

The maximum area is approximately 1.43 cm’
and occurs when x = 0.96 cm and 2 = 1.09 cm.

X
N [
W+E
S
y V4

Let z represent the distance between the two trains.

After f hours, y = 60z, x = 45(1 — 1)
72 =3600F +45°(1 -1)>,0< < 1
dz

2z P 7200t — 4050(1 —¢)

dz 7200z — 4050(1 —¢)

dr — 236007 + 45°(1 — 1)




12.

13.

. d
For max or min, let d—i =0.

.~ 7200 - 4050(1 -1 =0
t=0.36
Whent=0,7 =45, z=45
t = 0.36, 77 = 3600(0.36)" + 45*(1 — 0.36)’
=129
z7=136
r=1,2 =\3600 = 60
The closest distance between the trains is 36 km
and occurs at 0.36 h after the first train left the
station.

T 2 2
L a+b
2 ab
w
l a~ b1 L

a-b-L w

@ —b  2ab
W= azszbz (@ —b L)

2ab
A=LW= m[azL - b’L - Lz]

Letd—A:az—bz—ZL:O,

dL
a-b
L= 2
2ab a-b
and W = m[az — b2 — T:|
= ab.

The hypothesis is proven.

Let the height be / and the radius r.
Then, nr*h =k, h = L

e
Let M represent the amount of material,
M =2nr + 2nrh

=2mr + 2nr( k,)
7

=2m2+2—rk,OS r< oo

14.

Using the max min Algorithm,

When r—0, M—oo
r—o00, M—>c0

(L)
“\2n

k Vs
1=2(3)

2 1
Min amount of material is M = 275(%)3 + 2k(27n>3.

P
X \ 100 — x

Cut the wire at P and label diagram as shown. Let
AP form the circle and PB the square.

Then, 2ntr = x
_ X
"= on
00 —x

4

and the length of each side of the square is L

X 2
Area of circle = n(—)
27

Area of square =

The total area is

£ (100 -
A(x)=H+< T

Alx) = i—ft + 2( 1004‘ x)(-%)

100 — x

X
21 8

2
),WhereOS x < 100.
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15.

For max or min, let A'(x) = 0.

X 100 — x
o 8 0
_ 1001 b= dd
r
A(0) =625
44° 100 — 442 .
A44) = e +< i ) =350
100* .
A(100) = in =796

The minimum area is 350 cm® when a piece of wire
of approximately 44 cm is bent into a circle. The
maximum area is 796 cm’ and occurs when all of
the wire is used to form a circle.

(a(a-3))

|-

(-3.3)

Any point on the curve can be represented by
(a, (a-3)).

The distance from (-3, 3) to a point on the curve is

d=\(a+37+((@-3y-3)%
To minimize the distance, we consider the function
da)=(a+3)+ (@’ - 6a + 6).
In minimizing d(a), we minimize d since d > 1 always.
For critical points, set d'(a) = 0.
d'(a) =2(a + 3) + 2(a* — 6a + 6)(2a — 6)
Ifd'(a) =0,
a+3+(@—6a+6)2a-6)=0
2a° - 18a> +49a-33 =0
(a—1Q2a*-16a +33) =0
a=1lora= 1617\/_—8
4
There is only one critical value, a = 1.
To determine whether a = 1 gives a minimal value,
we use the second derivative test:
d'(a) = 6a* - 36a + 49
d"(1) =6-36 +49
> 0.
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16.

Then, d(1) = 4* + 17

=17.
The minimal distance is d = \/ﬁ, and the point on
the curve giving this result is (1, 4).

y

A(d. 2a)

(b, 2b)

Let the point A have coordinates (a’, 2a). (Note
that the x-coordinate of any point on the curve is
positive, but that the y-coordinate can be positive
or negative. By letting the x-coordinate be a’, we
eliminate this concern.) Similarly, let B have
coordinates (b°, 2b). The slope of AB is

2a-20 2
ac-b " a+b

Using the mid-point property, C has coordinates

a+b
2

,a+b>.

Since CD is parallel to the x-axis, the y-coordinate
of D is also a + b. The slope of the tangent at D is

given by % for the expression y* = 4x.
Differentiating,

dy _
2y o 4

dy _2

dx ~ y

And since at point D, y = a + b,

dy 2
dx ~a+b

But this is the same as the slope of AB. Then, the
tangent at D is parallel to the chord AB.



17.

18.

B P(xy)

Let the point P(x, y) be on the line x + 2y — 10 = 0.
Area of AAPB = xy
x+2y=100rx=10-2y
AG) = (10 - 2y)y
=10y-2y’,0< y< 5
A(y) =104y
For max or min, let A(y) =0or 10-4y =0,y = 2.5,
AW0) =0
A(2.5) =(10-5)(2.5) =125
A(5) =0.
The largest area is 12.5 units squared and occurs
when P is at the point (5, 2.5).

y
0, k)
A B
(k, 0)
/ D c *
A is (—x, y) and B(x, y)
Area = 2xy where y = K — x°
A(x) = 2x(k* = x°)
=2 -2, -k< x< k
A(x) = 2k — 6x°
For max or min, let A'(x) = 0,
6x° =2k
k
X=+—
V3
k k\ 2
Whenx=+—,y=k - |(— =§/C
V3 V3
2k 4k 3
Max areais A = — %H: ><£
V3 33 3

3
=g square units.

Exercise 5.6

1. a. C(625) = 75(1/625 — 10)

=1125
. 1125
Average cost is 625 = $1.80.
b. Cx) = 75(/x — 10)
= 75Vx — 750
75
C'(x) = — =
() 2
C'(1225) = B $1.07
21225 '
¢. For a marginal cost of $0.50/L,
75
—=05
2\x
75 =\x
x=5625
The amount of product is 5625 L.
61
3 M0=5 o
6(F + 2t + 1) — 612t + 2)
. L'(t) =
a. Lo F+2t+ 1)
__6r+6
T (P +2t+1)7
Let L'(t) = 0, then -6 + 6 =0,
£ =
t ==1.
6 6
b L= =71
4 C_4OOO+1—hS+150(;Zﬂ, 1000 < K < 20000
dC _ 1 15000000
h 15 n
dC 1 15000 000
Set an s 0, therefore, =" » - 0,

h* =225 000 000
h=15000, 2> 0.
Using the max min Algorithm, 1000 < /& < 20 000.
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1000 15 000 000

When 4 = 1000, C = 4000 + 5t 1000

=19 067.

15 000 + 15 000 000
15 15000 °

When h = 15 000, C = 4000 +

= 6000.
When £ = 20 000, C = 6083.
The minimum operating cost of $6000/h occurs when
the plane is flying at 15 000 m.

-

Label diagram as shown and let the side of length x
cost $6/m and the side of length y be $9/m.
Therefore, (2x)(6) + (2y)(9) = 9000

2x + 3y = 1500.
Area A = xy

1500 - 2x
=

AW = x( 15003_ Zx)

But y

= 500x — %xz for domain 0 < x < 500

A'(x) = 500 —%x

Let A'(x) = 0, x = 375.
Using max min Algorithm, 0 < x < 500,

A(0) =0, A(375) = 500(375) — %(375)2

=93 750
A(500) = 0.
The largest area is 93 750 m’ when the width is
250 m by 375 m.
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Y- ---

2h

Label diagram as shown.
We know that (x)(2h)(h) = 20 000

or ’x = 10 000
10 000
x=—0

Cost C = 40(2hx) + 2xh(200) + 100(2)(2K* + xh)
= 80xh + 400xh + 4004 + 200xh
= 680x% + 4001

10 000
no

10 000

h2

6 800 000
h

C'th) = —76 80}?2 000 + 800h.
Let C'(h) =0,
800/° = 6 800 000
h* = 8500
h =204.
Apply max min Algorithm,
As h—0 C(0)—oo
6 800 000
20.4
=499 800
C(100) =4 063 000.
Therefore, the minimum cost is about $500 000.

Since x =

C(h) = 680h( ) +400/°, 0 < h< 100

C(h) = + 4007

C204) = + 400(20.4)’



7. Let the height of the cylinder be 4 cm, the radius 3x =16 + X

r cm. Let the cost for the walls be $k and for the IX¥=16+x
top $2k. xX=2
x=14,x=> 0
V'=1000=nrhorh = % Using max min Algorithm:
The cost C = 2m2)(2K) + (2rrh)k whenx =0, C=6000 X 4+ 2000(12) = $48 000
1000 x = 1.4, C = 6000 X V16 +(1.4)> + 2000(12 — 1.4)
or C = 4mkr’ + 2nkr( o ) = $46 627

x =12, C=6000 X V16 + 12> = 75 895.
The minimum cost occurs when point C is 1.4 km

C(r) = 4mkr’ + L(F)Ok, r> 0

2000k from point A or about 10.6 km south of the power plant.
C'(r) = 8mkr — T
2000k 9. Let the number of fare changes be x. Now, ticket
Let C'(r) = 0, then 8mkr = 7 price is $20 + $0.5x. The number of passengers is
10 000 — 200x.
2000
orr = - The revenue R(x) = (10 000 — 200x)(20 + 0.5x),
43 R'(x) =-200(20 + 0.5x) + 0.5(1000 — 200x)
e = —4000 — 100x + 5000 — 100x.
h= 10002 —172. Let R'(x) = 0:
n(4.3) 200x = 1000
Since r 2 0, minimum cost occurs when r = 4.3 cm x =3.

and h = 17.2 cm. The new fare is $20 + $0.5(5) = $22.50 and the

maximum revenue is $202 500.

8. ) G S 3
10. Cost C — (% + 216) X t
km where vt = 500 or ¢ = @
v 500
- Clv) = (? + 216)(7)
=250 + M where, v= 0.

, 108 000
Let the distance AC be x km. Therefore, CB = 12 — x C'(v) =500v — 7z
CL =\16 + x". 108 000

o Let C'(v) = 0, then 500v = >
Cost C = 600016 + 2 + 2000(12 - x), 0< x< 12 et C) enoTV =T
dac 1 1 , 108 000
=2 X 6000 X (16 + x*) 2 (2x) + 2000(-1) =500
6000. =216
= 2000 Y
V16 + x° v =6.
ic The most economical speed is 6 nautical miles/h.
Set E =0
6000.

- 2000
V16 + x°
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11. Let the number of increases be n.
New speed = 110 + n.
Fuel consumption = (8 — 0.1n) km/L.
For a 450 km trip:

. 450
fuel consumption = (8 ~o.n )L,

450

fuel cost = (m

)0.68
Time for Trip = % = (% + n) h

Cost = Cost of driver + fixed cost + fuel

450 450
C(n) = 35(110 +n) + 15.50(110 " n) +

450
8-0.1n

—15 750 6975 30.6

CO =105 ny " A10+n7 T B=0.1n)
Let C'(n) = 0:

306 22725
(8-0.1n)° ~ (110 + ny’

>0.68

(110 + n)® _ 22725
(8—0.1n _ 30.6

HO0+n _ 7256 =273

8—-0.1n
110 + n =27.3(8 — 0.1n)
n=29
or 110 + n =-27.3(8 - 0.1n)
n = 190.

For r =29, new speed = 139 km/h

n =190, new speed = 300 km/h, which is not
possible.
The speed is 139 km/h.

12. a. Let the number of $0.50 increases be n.
New price = 10 + 0.5n.
Number sold = 200 — 7n.
Revenue R(n) = (10 + 0.51)(200 — 7n)
= 2000 + 30n - 3.5#°

Profit P(n) = R(n) — C(n)
= 2000 + 30n — 3.51n> -6(200 — 7n)
=800 + 72n - 3.51°

P'(n) =72-"Tn

Let P'(n) = 0,

72 -Tn =0,n=10.

Price per cake = 10 + 5 = $15

Number sold = 200 - 70 = 130
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13.

14.

b. Since 200 — 165 = 35, it takes 5 price increases to
reduce sales to 165 cakes.
New price is 10 + 0.5 X 5 = $12.50.

c. If you increase the price, the number sold will
decrease. Profit in situations like this will increase
for several price increases and then it will decrease
because too many customers stop buying.

P(x) = R(x) - C(x)
Marginal Revenue = R'(x).

Marginal Cost = C'(x).
Now P'(x) = R'(x) — C'(x).
The critical point occurs when P'(x) = 0.
If R'(x) = C'(x) then P'(x) = R'(x) — R'(x)

=0.

Therefore, the profit function has a critical point
when the marginal revenue equals the marginal cost.

Label diagram as shown. Let cost of cylinder
be $k/m’.
V=200

=7rh + %m'*

Note: Surface Area = Total cost C
Cost C = 2mrh)k + (41r')2k

But, 200 = wtrh + %nﬁ or 600 = 3ntr*h + 4nr?

600 — 47’
Therefore, h = BT
600 — 4mr
C(r)= 2knr( 3 )1 + 8kmr’

3
_ 2k< 600 — 477

3 ) + 8kmr?

1
Since h < 16, r < (@y or0< r< 3.6
4r
Ctr) = 400k 3 8kmr? + 3
r 3
400k  16kmr?
=+ —F—
r 3
o~ 400k 32kmr
Clry ==+ 25



15.

Let C'(r)=0
400k _ 32kmr
73
50 _dnr
3
4 = 150
r=229

h =897 m

Note: C(0)—eo

C(2.3) =262.5k

C(3.6) = 330.6k
The minimum cost occurs when r = 230 cm and £ is
about 900 cm.

.S: i 10 —x objlect N Slz

I T 1

< 10 >
Note: S, =35,

Let x be the distance from S, to the object.
k. . .
1= x—f, where S is the strength of the source and x is

the distance to the source.

ks

L="T0—xr

k(;S)’ 0<x<10

I =
2
ks 3ks

I=to-o* %

dar _ -2ks  Gks
dx ~ (10-x° X

Let % = (. Therefore, % = %z
x =3(10 - x)’
x =13(10 - x)
x =1.44(10 — x)
24x =144
x =509.
Minimum illumination occurs when x = 5.9 m.

16. v(r) =Ar(r,-n,0< r<r
w(r) = Arr’ - Ar’
vi(r) =2Arr — 3A7
Letv'(r) =0:
2Arr-3Ar =0
2rr-3r'=0
r(Zr(J -3rn=0
2r
r=0orr=—.

3
v(0) =0

{555

A(r)=0

The maximum velocity of air occurs when radius is

2r

0

3
Review Exercise

1. d. Xy’ +3=y
s aoady _dy
2xy~™ — 3x%y de = dr
dy _ _2xy"
dx 1+ 3xy*

2x
3

y
3x

2

2xy
3y

2. b. (X +y) =4xy

20 + yz)(Zx + 2y %) = 8xy + 4x° %

At (1, 1),

dy) _ . dy
2(1+1)<2+2dx>_8><1><1+4(1) 0

dy _ dy
8+8dx_8+4dx

=0.

Sl
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3. XY +2y7-6=0

2x7Y° + 6x7y° % -4y % =0

At (0.5, 1):
-2(0.5)*(1)° + 6(0.5)*(1)° % —4(1)° % =0

d dx
dy
2055 =16
dy _4
dx ~ 5

At (0.5, -1):
~2(0.5)°(=1)° + 6(0.5)*(~1)’ % —4(-1)* % =0

.
_16_24dx+4dx =0
ay _
20dx——16
dy _ 4
dx ~ 5°
6. 3x -y =7
dy _
6x—2ydx—0
dy _ 6x
dx ~ 2y
_3x
y
dy
fy_3y_3xdx
dxz_ yz
3x
3y —3x{—
-2(¥)
= yz
_ 3y -9x
y2

But, 3y* — 9x° = -3(3x° - )
=-3X7
-21.

21
yz

Therefore, y" =
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7. s(h=F+ Qi—3)
V=S()=2t+ %(zz ~3)72)
=2+ (2t-3)"
a=5"=2- %m ~3)32)
=2 (2-3)
9. s() = 45— 5¢

v(t) =45 - 10t
For v(r) =0, t=4.5.

t 0< t<45 4.5 t>4.5

v(t) + 0 -

Therefore, the upward velocity is positive for
0< t<4.5s, zero for t = 4.5 s, negative for t > 4.5 s.

v(r)
metres/
second

45

t (seconds)

451

10. a. fix) = 2xX’ - 9%
f'(x) = 6x*— 18x
For max min, f'(x) = O:
6x(x-3)=0
x=0orx=3.

x f(x) =2x - 9x?

-2 -52 min
0 0 max
3 =27
4 -16

The minimum value is —52.
The maximum value is 0.



18

¢ flx)=2x+ o
fx)=2-18x"
For max min, f'(x) = 0:
18
Fak
X =
x =3,
18
Jo) =2x + —
20
12
18
10 + 5 = 13.6

The minimum value is 12.
The maximum value is 20.

11. s(r) =62 - 16t + 7

v(t) =-16 + 2t

a. s(0) =62
Therefore, the front of the car was 62 m from the
stop sign.

b. Whenv =0, t = 8.
~os(8) =62 —16(8) + (8)
=62-128 + 64
=-2
Yes, the car goes 2 m beyond the stop sign before

stopping.

c¢. Stop signs are located two or more metres from
an intersection. Since the car only went 2 m
beyond the stop sign, it is unlikely the car would
hit another vehicle travelling perpendicular.

12. ¥ -3xy-5=0

2 Ay o Ay s
3y e 3y dx(3x) =0
At (2,-1):

dy ay _
3-43-62=0

1=

i

13.

Equation of tangent at (2, —1) is

y+1_
x=2 =1
y=x-3.

Therefore, the equation of the tangent at
2,-DHtoy —=3xy-5=0isy=x-3.

8
S(l‘)—1+2t—m
O =2+8¢+1)°Qr) =2 +
Vi = TETE 1y

a() = 16(£ + 1)” + 164(=2)(F + 1)7 2¢
=16(2 + 1) - 647 + 1)
=16(2 + 1)°[F + 1 - 4r]

For max min velocities, a(f) = 0:

=1
1
t=+—.
V6
16
t v(t)—2+(t2+1)2
0 2 min
l—f 163
1 V3 3
ﬁ 2+ 77 S =2+ g =2+3/3max
(3”) 9
32
2 2+35 =328

The minimum value is 2.

The maximum value is 2 + 3V3.

14. u(x) = 625x" + 15 + 0.01x

u'(x) = -625x7 + 0.01
For a minimum, u'(x) = 0

X =62500
x =250
X u(x) = %i + 0.01x
1 625.01
250 2.5+ 2.5=5min
625
500 300 +5=6.25

Therefore, 250 items should be manufactured to
ensure unit waste is minimized.
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15. iii) C(x) = Vx + 5000
a. C(400) = 20 + 5000

= $5020

b. C(400)= %
=$12.55

1

c C'x) = Ex 2

C'401) =——
2y401

= $0.025
=3$0.03

The cost to produce the 401 item is $0.03.

1
iv) C(x) = 100x > + 5x + 700

a. C(400) = % + 2000 + 700

= $2705
2750
400
= $6.875
= $6.88

b. C(400) =

e. C()=-50x+5
_50
20y "
= 5.00625
— $5.01
C'401) = $5.01

C'(400) =

5

The cost to produce the 401" item is $5.01.
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16. C(x) = 0.004x* + 40x + 16 000
Average cost of producing x items is

C(x) = 0.004x + 40 + 16300
To find the minimum average cost, we solve
C'(x) =0
16 000

0.004 - ——= =0
X

4x* — 16 000 000 =0

x* =4 000 000

x =2000, x> 0.
From the graph, it can be seen that x = 2000 is a
minimum. Therefore, a production level of 2000
items minimizes the average cost.

17. b. s(r) = +4r - 10
s(0) =-10
Therefore, its starting position is at —10.
s(3)=-27+36-10

=-1

v(t) = -3¢ + 8¢

v(3) = =27 + 24
=-3

Since s(3) and v(3) are both negative, the object
is moving away from the origin and towards its
starting position.

18. Given cone v = l1'cr2h

3
dv nm’
ar = h
. 2
Slopes of sides = 3
rise 2
run 3
h_2
r 3




a. Find dn when r = 6 m. At a specific time, = 10 m,

dt
10 _2
. r 3
Solution r=15m
1
v =—=nrh _2 . dr
3 9 = 37t(15) 7
. h 2
Using — =+ _ dr
r 3 9 =150 7
Fo 3 dr
2h 50m - dr
2
r= %n< Qil )h Therefore, the radius is increasing at a rate of
3 %m/hwhenh:lOm.
v =-Th’ T
4
v _9 4.dh 19. Given v =1cm’/s
ar = d" g dr

At a specific time, r = 6 m: Surface area = circular with 4 = 0.5 cm.

Volume is a cylinder.

h_2
6 3 Find 44
dt
h=4m.
9 , dh S .
= = olution
0= 4y
9 =361 % A=1r
1 G
4r ~ dt oh
V=
Therefore, the altitude is increasing at a rate of
1 But 2 =0.5 cm,
an m/h when r = 6 m. 1
T v =—=nr
2
. odr _ dv ___dr
b. Find d when 4 = 10 m. o Tr o
At a specific time,
Solution - dr
dt
v=3nrh 1 dr
nr dt
Using 2= 2. aa_, (1
r dr — r
h = %r = 2
{ 5 Therefore, the top surface area is increasing at a rate
v= gnrz<§r> of 2 cm?/s.
V= %ﬂ:f
dv 2 dr
a3 a
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20. Given cube s = 6x°

y=x
ds _ 2
i =8 cm?/s,

find v when s = 60 cm™
dt

Solution
y=x
dv_ o dx
dt ~ 3x dt
At a specific time, s = 60 cn’,
s 6xr =60
x* =10.
Also, s = 6x°.
ds dx
dt 12x dt
At a specific time, x = /10,
= 1210 &
8 =12V10 d
2 _ax
3o 9
dv
@ _ 3(10)(—)
di 3110
_20
V10
=2/10.

Therefore, the volume is increasing at a rate of
2/10 cm?s.

21. Given cone

»
h

V= %nﬁh

dv -

i —10 cm’/min

dn = -2 cm/min

dt

Find % when & = 8 cm.
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Solution

Let % =k, kis a constant k € R

1 h
v—gnrzhandr—z

At a specific time, 7 = 8 cm,

LR
~10 = 55 M(8)(-2)

—128m
-10 = e
. _ b4n
k= 5

8
L Sim

5

h b
'r_8 5
_8V5m

-5

Therefore, the ratio of the height to the radius is

8\5m : 5.

22. Given

2
-

X L

«— 15m —

Since the angle formed from the light to the top of
the man’s head decreases as he walks towards the
building, the length of his shadow on the building
is decreasing.

Solution

Let x represent the distance he is from

the wall. Therefore, % = -2, since he is walking

towards the building. Let y be the length of his

shadow on the building. Therefore, d—); represents the

rate of change of the length of his shadow.



Using similar triangles,
y 2
157 15-x
15y —xy =30
15y —=30 = xy
dy _dx = dy

Swr=a? ar”

At a specific time, 15 —x =4,

sox =11,
oy 2
And using 5=15_+
dy) _ dy
15( dt) = (=2)(7.5) + (dt )(11)
dy _
4 it =-15
dy _-15
dt — 4

Therefore, the length of his shadow is decreasing at a

rate of 3.75 m/s.

23. s=27t’+%+10,t>0

a. v=81t2—%

16
817 — 2=
81' =16
16

t4=a

r= 2
3

t>0

Therefore, ¢ = %

b.

2 2 2
t 0<l<§ t—g t>§
ds
dt - 0 +

. . 2
A minimum velocity occurs at t = = or 0.67.

3
dv 32
C. a_dt_162t+r’

2 2,32
Att—3,a—162>< 3+E
27

=216

Since a > 0, the particle is accelerating.

24. Let the base be x cm by x cm and the height /2 cm.

Therefore, x*2 = 10 000.

A =X+ 4xh
Ax) =x* + 4x< 10)?00)
=x2+w,f0rx2 5
Ax) =2x - 40(;2&,
Let A'(x) = 0, then 2x = M
x* =200 000
x =27.14.

Using the max min Algorithm,
A(5) =25+ 80000 = 80 025
A(27.14) =15 475
The dimensions of a box of minimum area is
27.14 cm for the base and height 13.57 cm.

25. Let the length be x and the width y.

P=2x+6yand xy=120000ry= 12)?00

P(x) = 2x+ 6 X 12)?00

72 000
X

A =2 72x(2)00

P(x) = 2x + .10 x < 1200 (5 X 240)

Let A'(x) = 0,
2x* =72 000
X =36 000
x =190.
Using max min Algorithm,
A(10) =20 + 7200 = 7220 m’
A(190) =759 m’
A(1200) = 1 440 060
The dimensions for the minimum amount of fencing
is a length of 190 m by a width of approximately
63 m.
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26.

27.

Let the width be w and the length 2w.
Then, 2w* = 800
w’ =400
w =20, w>0.
Let the corner cuts be x cm by x cm. The
dimensions of the box are shown. The volume is
V(x) = x(40 — 2x)(20 — 2x)
=4x' - 120x* - 800x,0< x< 10
V'(x) = 12x* — 240x — 800
Let V'(x) = 0:
12x* — 240x - 800 = 0
3x° - 60x —200 =0
-
‘= 60 = Y3600 — 2400
6
x=158orx=4.2,butx < 10.
Using max min Algorithm,
V0)=0
V(4.2) = 1540 cm?
V(10) = 0.
Therefore, the base is
40-2X42=31.6
by 20 -2 X 42 =11.6.

The dimensions are 31.6 dm’, by 11.6 dm, by 4.2 dm.

Let the radius be r cm and the height 4 cm.
V =mnrh =500

A =217 + 2nrh
Sinceh:ﬂ,6ﬁ h< 15
T
500
A(r) —27'Cr2+27tr<nr2>
=27 + lOrOO for2< r<'5
A'(r) =4nr - @
Let A(r) = 0, then 477 = 1000,
1000
r= 4t
r=4.3.
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28.

Using max min Algorithm,

A(2) =550
A4.3) =349

A(5) =357
For a minimum amount of material, the can should
be constructed with a radius of 4.3 cm and a height
of 8.6 cm.

R
1 km 1+
l 8—x
A c * B
< 8 >

Let x be the distance CB, and 8 — x the distance AC.
Let the cost on land be $k and under water $1.6k.

The cost C(x)k(8 —x) + 1.6k\1 +x,0< x< 8.
1
C'(x) =k + 1.6k X %(1 + X772 (2x)

1.6kx

Let C'(x) = 0,

1.6kx
VI + &2

—k +

1.6x
V1 + &

=1

1.6x =\1+x
256 =1+x
1.56x* =1
x =0.64
x=0.8,x>0.
Using max min Algorithm,
A(0) = 9.6k
A(0.8) = k(8 — 0.8) + 1.6k\1 + (0.8)* = 9.25k
A(8) = 12.9k
The best way to cross the river is to run the pipe
8 — 0.8 or 7.2 km along the river shore and then
cross diagonally to the refinery.



S y ., _B Therefore, n = 52 or 53.

Using max min Algorithm,
P(0) = 3600
. P(52) =9112
* P(53) =9112
P(120)=0
s The maximum profit occurs when the CD players are sold at
A $204 for 68 and at $206 for 67 CD players.
Let y represent the distance the westbound train is from 11 p
the station and x the distance of the northbound train from ) //:
the station S. Let ¢ represent time after 10:00. o
Then x = 100z, y = (120 — 120¢) :5 km
Let the distance AB be z. o !
, 20-x :
z=\(1007)’ + (120 - 1200, 0< 1< 1 R T e . ;
c A
i
% = %[(IOOI)2 + (120 - 120t)2} : «—20km————>
[2 X 100 X 1007 — 2 X 120 X(120(1 — t)] Let x represent the distance AC.
Then, RC = 20 — x and 4.
Let % =0, that is PC=V25+x
The cost:
2 X 100 X 1007 -2 X 120 X 120(1 = 1) _ 0 C(x) = 100 000125 + x* + 75 00020 —x), 0 < x < 20
2\/(1001)” + (120 — 1201y’ 1 N
C'(x) = 100 000 X 3(25 + x2> 2 (2x) — 75 000.
or 20 000¢ = 28 800(1 — 1) Let C'(x) =0,
48 800r = 288 000
100 000x
—288'—059h 35.4 mi T 2—75000:0
t_488 =0. or 35.4 min. V25 + x
When 7 = 0, z = 120. 4x = 3\25 + &’
t=0.59 16x* =9(25 + X))
2= V(100 X 0.59) + (120 — 120 X 0.59)’ Tx' =225
= 76.8 km x =32
t=1,z=100 x =5.7.
The closest distance between trains is 76.8 km and occurs Using max min Algorithm,
at 10:35. A(0) = 100 000Y25 + 75 000 (20) = 2 000 000
A(5.7) = 100 00025 + 5.7> + 75 000(20 — 5.7)
. Let the number of price increases be n. — 183072160
New selling price = 100 + 2n. A(20) =2 061 552.81

Number sold = 120 — n.

Profit = Revenue — Cost

P(n) = (100 + 2n)(120 —n) — 70(120 —n), 0< n< 120
=3600 + 210n - 21’

P'(n) =210-4n
Let P'(n) =0
210-4n =0

n=525.

The minimum cost is $1 830 722 and occurs when the
pipeline meets the shore at a point C, 5.7 km from point A,
directly across from P.
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Chapter 5 Test d.s(3) =27-81+72+5

=23
1. x2+4xy_y2:8 V(3)=27—54+24
Ay 5 4y -3
2x + 4y + 4x dx—2y dx_o

Since the signs of s(3) and v(3) are different, the

dy = object is moving towards the origin.
x+2y+dx(2x—y)—0 ) g g
4y = x-2y 4. Given: circle dr =2 m/s,
dx  2x-y dt
d 2
d—z=);t—2§ ﬁnd(fi—?whenr=60.
2. 3 +4y =7 .
ydy Solution
6x + 8y e 0
At P(-1, 1), A=nr
dy dA d
-6+8——=0 aa _ ar
dx dr — 2mr dr
dy 3
de 4 At a specific time, r = 60,
Equation of tangent line at P(-1, 1) is Cfl_ft\ = 2m(60)(2)
y—1 3
x+1 4 = 240m.
3x+3=4y-4 Therefore, the area is increasing at a rate of
3x -4y +7=0. 2401 m’/s.
A dr .
3. a. Average velocity from¢t=1tot=61is 5. Given: sphere ar " 2 m/min,
As _ 5(6) = s(1) y
ArT T 6-1 ﬁndd—:whenr=8m.
_(216-324+144+5-(1-9+24+5)
- 5
=4 ms. Solution
The average velocity from#=1to ¢ = 6is 4 m/s. 4
b. Object is at rest when v = 0: V= gms
0=3r—18r+24 v _ e dr
=3(F -6t +38) dt dt
=3(t-4(-2) At a specific time, r = 8§ m:
t=2ort=4. dv 4n(64)(2)
Therefore, the object is at rest at 2 s and 4 s. dr
=512m.
. (i) = 37— 18t + 24 T
a(f) =6t—18 a. Therefore the volume is increasing at a rate of
a(5) =30-18 5127 m*/min.

=12 . b. The radius is increasing, therefore the volume is

Therefore, the acceleration after 5 s is 12 m/s’. . .
also increasing. Answers may vary.
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dv

6. Given: cube V=1x, S = 6x°, o= 2 cm’/min, Solution
1
find % when x = 5. V= gnrlh
r_10_5
. h 24 12
Solution 5
V= Eh
S =6x
das dx Substituting into v,
—=12x—
dt dt 1 (25,
V= gTC mh h
At a specific time, x = 5:
25
ds _ 2 V= Th.
- 12(5)<75> 432
. dv_25 . dh
=< dt ~ 144 dt
s At a specific time, h = 16:
V= 25 dh
- = 22"
% =3¢ % 20 = g ™16 5
20 = 6400 dh
AV T 144 ar
Whenx=5,E=2 dh 9
, dx dt  20m
2 =3(5) i
dx - 2 Therefore, the depth of the water is increasing at a
dr 75 9 .
S = 6 rate of om m/min.
ds dx > 1
— =12x— =X
dt dt 8. T+ 2
, 2x(x + 2)—(x* = 1)(1
When o _ s dx_ 2 Flay = 2O ()f;z (D)
enx=>5,--=75 7 4x1
X+ 4x +
Therefore, d—f = 12(5)(%) T (x+2)y
8 For max min, f'(x) = 0:
-5 X+4x+1=0
= 1.6. —4 +V16 — 4
X=——o
Therefore, the surface area of the cube is increasing —
. -4 +2V3
at a rate of 1.6 cm”/min. =5
7. 10 = 24\3.
24

v _ 3
d =20 m’/min

Find dn when & = 16.
dt
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x*=2

* fO="ia
-1 0
4-4 -1 —4
P V3+3 _6 ﬁ=2@_4
V3 V3
= —0.536 min
3 %=1.6 max\/g

Therefore, the minimum value is (2\/5 —4) and the
maximum value is 1.6.

. odx
Find a when y = 8 m.

Let x represent the distance the tip of her shadow
is from the point directly beneath the spotlight.
Let y represent the distance she is from the point
directly beneath the spotlight.

Solution

x _ 10
x-y 1.

x =6.25x — 6.25y
6.25y = 5.25x

A _ 55X
625 =525

=6.25

At a specific time, y = 8§ m:

dx
6.25(6) =5.25 i

LAy dx
7'1_dt or =21 ar
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10.

At a specific time,

dx

25(0) =2
150 _ dx
21 dt
50 _ dx
7 T dt

Therefore, her shadow’s head is moving away at a
rate of 7.1 m/s.

— = —>

< y >

Let x represent the width of the field in m, x > 0.
Let y represent the length of the field in m.
4x + 2y = 2000 (1)
A =xy (2)
From (1): y = 1000 — 2x. Restriction 0 < x < 500
Substitute into (2):
A(x) = x(1000 — 2x)
= 1000x — 2x*
A'(x) = 1000 — 4x.
For a max min, A'(x) = 0, x = 250

x A(x) = x(1000 - 2x)
0 lim A(x) = 0
0"
250 A(250) = 125 000 max
1000 lim A(x) =0
x—1000

.~ x =250 and y = 500.

Therefore, each paddock is 250 m in width and

53ﬂ m in length.




11.

2x

Let x represent the height.

Let 2x represent the width.

Let y represent the length.

Volume 10 000 = 2x%y

Cost:

C = 0.02(2x)y + 2(0.05)(2x°) + 2(0.05)(xy) + 0.1(2xy)
= 0.04xy + 0.2x* + 0.1xy + 0.2 xy

= 0.34xy + 0.2x
10 000 _ 5000
Buty = e - e

Therefore, C(x) = O.34x< 5())690> +0.2x

= 17XOO +02¢%, x>0

-1700

x2

C'(x) = +0.4x.

Let C'(x) = 0:

—_1;00 +04x=0
0.4x* = 1700

x =4250

x =16.2.
Using max min Algorithm,
C(0)—e0
1700
16.2

Minimum when x = 16.2, 2x = 32.4 and y = 19.0.

Cc(6.2) = +0.2(16.2) = 157 4.

The required dimensions are 162 m, 324 m by 190 m.
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